This work is an attempt to give a brief overview of the implementation of the statistical thermodynamics to hadronic matter. The possibility to use the hydrodynamic approach for developing the physical model of the formation of exotic structures in the head-on intermediate-energy heavy ion collisions is discussed. That approach is shown to be able to provide simple analytical expressions describing each step of the collision process. This allows for extracting the data concerning nuclear matter properties (surface tension, compressibility, etc.) from the properties of observed fragments. The advantages of the thermodynamic analysis of phase trajectories of the system in heavy ion collisions are discussed. Within the thermodynamic approach, the method to evaluate the curvature correction to the surface tension from the nuclear matter equation of state is described. The possibility to use statistical thermodynamics in the studies of hadronic matter and quantum liquids is discussed. 
Introduction
The study of the properties of hadronic matter and the phase transitions in it has been the subject of many studies both theoretical and experimental in recent decades. Such an interest is explained both by the applied importance of results for the energy production industry, radiation medicine and by their fundamental importance, because the many-body systems, in which the excitation energy is thermally distributed among many particles and in which there ex- ist long-range Coulomb and short-range forces, up to now have no satisfactory description. The description of nuclear matter (NM) within statistical thermodynamics adopted in the recent decades is very similar to that for ordinary liquids [1] [2] [3] [4] . The physical reason for that is the similarity between the molecular forces and nuclear-nuclear interactions in respect to their dependence on the distance. Notwithstanding the tremendous difference in the energy and space scales, the nuclear and van der Waals forces represent a very similar behavior. In both cases, the attraction between particles is replaced by their repulsion at a small interaction range. J.D. van der Waals suggested his famous equation in 1873. A hundred years later, his finding was fruitfully used to describe the properties of the nuclear matter unknown to the nineteenth century scientists. It is quite natural to expect that, when investigating both ordinary liquids and nuclear matter, it is reasonable to use similar fundamental concepts of the modern thermodynamics, statistical physics, phase transitions theory, and the liquid state theory accounting for the quantum nature of nuclear matter.
Among all the studies of nuclear systems, of high importance are those devoted to the processes observed in heavy ion collisions (HIC). Such studies are valuable from the fundamental point of view, as it is the only available experimental method (under the Earth conditions) to obtain data about the nuclear matter at extreme temperatures and densities. As for the applied importance, the results are needed to proceed in developing the new technologies of the nuclear waste utilization, which is an up-to-date task accounting for the rapid development of the nuclear energy production industry. The other important applications can be found in medical physics and biophysics. When the beams of high-energy ions pass through the matter, they leave the trace of the fragments produced in the collision, causing the changes in structures and thermodynamic properties of biological objects and liquids. Therefore, the clear understanding of the fragments formation mechanisms can help in biophysical studies and in developing the new technologies in the medical physics.
Nowadays, it could be seen that, in the field of studies devoted to the HIC, the progress in experimental researches is much faster than in theoretical ones. Unfortunately, there are yet no complete theories of such important phenomenon as the nuclear multifragmentation, no satisfactory equation of state (EOS) for hadronic matter, and no clear understanding of phase transitions in nuclear matter. Therefore, the progress in the theory able to describe the basic thermodynamic and structural properties of hadronic matter, phase transitions in it, and behavior of hot nuclei with high excitation energies stands among the most important problems in modern physics.
To recall the stage, we would like to present a brief overview of the problems that exist in hadronic matter physics and can be studied with the help of statistical thermodynamics and the theory of phase transitions well developed for ordinary liquids.
Nuclear matter equation of state
The knowledge of the EOS of nuclear matter is one of the fundamental goals in nuclear physics, which has not yet been achieved [5] [6] [7] [8] [9] . It should describe the fundamental properties of NM
where P is the pressure, ρ is the density, and δ is an asymmetry parameter, at any point of the phase diagram of NM (Fig. 1) . The EOS of NM is an important ingredient in studying the properties of nuclei at and far from stability, studying the structures and the evolution of compact astrophysical objects such as neutron stars and core-collapse supernovae, applied nuclear physics, etc. The saturation point of EOS, i.e., the energy as a function of the matter density, for the symmetric NM (SNM) at zero temperature (T = 0), is well determined from the ground-state properties of nuclei, such as binding energies and central matter densities, by extrapolation to infinite NM [11] . At the same time, one can find the vast majority of different parametrizations and different theoretical models that were built in attempt to describe the NM and finite nuclei in a wide range of the external parameters. All of them were built for the case of special assumptions and are lacking a predictive power [12] . The things go even worth, when one changes to the asymmetric NM and the pure neutron matter. Existing models give different results for the symmetry energy of asymmetric NM [13] , its slope, and magnitude [15] . Right window: Same as left panel from the RMF model for the parameter sets NL1, NL2, NL3, NL-SH, TM1, PK1, FSU-Gold, HA, NLρ, and NLρδ in the nonlinear RMF model (solid curves); TW99, DD-ME1, DD-ME2, PKDD, DD, DD-F, and DDRH-corr in the density-dependent RMF model (dashed curves); and PC-F1, PC-F2, PC-F3, PC-F4, PC-LA, and FKVW in the point-coupling RMF model (dotted curves) [16] Fig. 3. Energy per nucleon in SNM E 0 (n) (left panel), the symmetry energy Es(n) (middle panel), and the energy per nucleon in a nonsymmetric NM (NNM) (В-equilibrated and charge neutral) for different models (right panel) [17] at the saturation density and, the experimental constraints are quite wide [14] . It should be noted that the symmetry energy behavior is very different for different EOS parametrizations [9] in the high-and low-density regions (Fig. 2) .
The similar uncertainty is observed for a symmetric NM (SNM) in the high-density region (Fig. 3) .
Nowadays, extracting the information on the nuclear EOS, in particular at high baryon densities, is restricted to observations of astrophysical compact objects and studies of hot nuclear systems created in high-energy proton-induced reactions or in intermediate and relativistic energy heavy-ion collisions (HIC).
Therefore, HIC can shed light on what are nuclei made of and explain the properties of the matter that form the nuclei. Such experiments can be treated as a kind of materials science similar to the P -V -T studies in the physics of ordinary liquids. Hence, it is quite natural to apply the well-developed theories of ordinary liquids to the description of HIC. Understanding the behavior of NM in the HIC is of great relevance either for theoretical nuclear physics or for nuclear astrophysics, when studying the supernova explosions and the properties of neutron stars [18] [19] [20] .
Heavy Ion Collisions
The idea of HIC experiments is to collide two nucleus or light particles with nuclei at a high enough energy to break them into pieces. Introducing then an ap-propriate model of the process involved, it should be possible to extract some data on NM properties and its behavior at high densities and temperatures. The basic mechanisms of the formation of fragments in the HIC experiments are the following [21] :
• spallation, when only one heavy fragment with its mass close to the target mass is formed (m = 1);
• fission that goes usually with the two heavy fragments produced with masses in the interval around half the target mass A ∼ AT 2 ;
• multifragmentation that is the process which leads to the formation of several fragments with intermediate masses. Usually with A < 50.
The last one is especially important in studies of the NM EOS. Disintegration, when a bigger nucleus breaks into one or several nuclei and some nucleons, is one of the two basic mechanisms in the Nature, by which a nuclei can be formed. The appropriate way to study this phenomenon is the experiment with proton-nucleus and nucleus-nucleus collisions. When such a collision is observed at a high enough energy (higher than the threshold value E th ∼ 2-4 MeV/nucleon [22] ), there is a high probability of the production of intermediate-mass fragments [23, 24] . The nature of the production of intermediatemass fragments in such experiments is of great interest for the consequent understanding of the NM properties and for the progress in the studies of nuclear EOS [24] [25] [26] [27] [28] [29] . Thus, HIC have been intensively studied in the last years [25, 30] . It should be noted that, in a composite system formed in the collision process from the projectile and target nuclei, nuclear matter can be highly compressed and be at high temperatures during the early stage of the reaction. At the time of the formation of intermediate-mass fragments with 3 ≤ Z ≤ 20, their characteristic properties such as the excitation energy and isotopic distributions are governed by the characteristics of the break-up source such as the temperature, density, and N/Z ratio. Therefore, intermediate-mass fragments may provide a unique probe to study the reaction mechanism and hot nuclear matter properties [31] .
At the same time, in order to have the complete picture of the situation in a field, one should bear in mind that the colliding system is over a large time span of the reaction out of global and even local equilibrium [27] . That means the presence of the non-equilibrium effects all over the compression phase, where one essentially intends to study the NM EOS. The other Fig. 4 . Schematic picture of a fragmentation reaction, in which a given initial channel may develop into many different fragmentation channels during the dynamical evolution [37] important challenge is that the heavy ion collision experiments are inclusive and will remain so in the foreseeable future. That means missing some information about the physical processes going on in the system. Only the degree of inclusiveness may change if more sophisticated counter arrays are introduced [21] .
During the last decades, a wealth of data have been accumulated about the multifragmentation phenomenon in proton-nucleus and nucleus-nucleus collisions [10, 21, 32, 33] . Different models (statistical [19, 34] , percolation [35] ) and different mechanisms (liquid-gas phase transitions, spinodal decomposition, sequential evaporation from the expanding-emitting source, etc. [36] ) are being used for explaining the existing data. As for the initial highly non-equilibrium stage, the most common approach is using the transport models for its adequate description. One of the important points in that case is allowing the model for the possibility for the occurrence of dynamical bifurcations (Fig. 4) , as it is a non-linear process [37] .
There exist a number of different transport models that have been developed till now. Among them are intranuclear cascade calculations, time-dependent Hartee-Fock model, Boltzmann-type kinetic equations based on hadronic non-equilibrium quantum transport field theory, molecular dynamics methods (MD, QMD, AMD, FMD), nuclear fluid dynamics calculations, etc. The detailed analysis can be found elsewhere (e.g., [27, [37] [38] [39] [40] ), but, summarizing all pros and cons, it is possible to conclude that although much progress has been made over the past couple of decades, we are still far from having models that are formally well founded, practically applicable, and sufficiently realistic to be quantitatively useful. The description of nuclear fragmentation dynamics requires . Predicted mass distributions from five evaporation codes for neutron-deficient system 1 (left panel) and neutronrich system 2 (right panel) [41] that the proper account for the basic quantal nature of the system be taken [37] .
Similar situation is observed for the later stages of the collision. One of the considerable problems is that the time needed for the equilibration and the transition to the statistical description is still under debate. The other difficulty to be overcome is that most statistical multifragmentation codes have been developed to describe specific sets of data and nearly all of them have different assumptions. They are not equivalent [41] . Basically, two main sets of models are used to describe the final stages of the reaction that are the multifragmentation models and the evaporation models. From the data available in the literature [41] , one can see (Figs. 5 and 6) that the overall behavior of the systems shows a similarity among models suggesting some predictive power as for system's behavior in the multifragmentation phenomena and allowing for suggesting physical processes responsible for the formation of fragments. At the same time, the behaviors of single observables differ from model to model suggesting some limitations on their applicability in treating the experimental results.
In spite of a long history and a high number of different approaches used, there is still a number of problems left that have no explanation. For example, the models involving a phase transition have the strong position based on the recent works dealing with the bimodality [42] . But, in the same time, their justification is quite questionable. They are insensitive to many initial parameters [21] , when it is known for ordinary liquids that the phase transition is usually the quantity difficult to be prepared. The most successful models in describing the observed fragment mass distribution nowadays are the statistical equilibrium models [43, 44] that try to reduce the intractable problem of a time-dependent highly correlated interacting many-body fermion system to the much simpler picture of a system of non-interacting clusters [45] . First based on Bevalac's results, they were used for intermediate energies of HIC with many substantial variations [28] . In the same time, such models have a number of difficulties [21, 43] . The question with the equilibrium at a low freeze-out density that lies in the basis of such theories is not confirmed by some microscopic approaches. There are evidences of only a small part of the system being heated [21, 44] . The other problem concerns with the predicted kinetic energy of fragments, being lower than the temperature of the gas of fragments [44] , etc.
Therefore, the determination of the mechanism responsible for the multifragmentation phenomenon and able to solve the existing problems in natural way is of particular interest as this issue has not been settled up to now.
Thermodynamics of heavy ion collisions
The interest to the intermediate-energy collisions is triggered by a fact that the multifragmentation is Fig. 7 . Left: the pressure-temperature coexistence curve for bulk nuclear matter. Right: the temperaturedensity coexistence curve for bulk nuclear matter. Errors are shown for selected points to give an idea of the error on the entire coexistence curve [46] claimed to be connected with a phase transition in NM [46] . Such an assumption comes from the thermodynamic analysis of the coexistence curve in NM (Fig. 7) based on the intermediate HIC data. In that case, the Fisher droplet model is widely used due to the fact that the distribution of fragments can be described by Fisher's well-known formulae for the droplet mass distribution [47, 48] 
where P is the fragment formation probability, M is the mass, and α is the critical exponent. In that case, the basic principles of the analysis are absolutely the same as in the physics of ordinary liquids. The description of the formation of clusters is based [49] on the Gibbs balance equation for the free energy G:
where ∆E and ∆S are the energy and entropy costs of the formation of a cluster, respectively, P is the pressure and ∆V is a change in the volume owing to the formation of a cluster. Within such approach, it appears next to be possible to use the classical Guggenheim relation for the coexistence curve [50] :
where b 1 , b 2 are the parameters and β = 
allow constructing the complete coexistence curve of nuclear matter (e.g., see Fig. 7 ). Within this approach, the modern theory of phase transitions together with the thermodynamics allow estimating the critical temperature in infinite NM and a finite nucleus. That can give, in turn, a deep insight into the properties of NM and can be of great importance for developing the proper NM EOS. Quite promising is the thermodynamic analysis of the phase trajectories of systems formed in HIC. Recently, there appeared a work devoted to the study of different possible phase trajectories of the excited nuclear system at the P −V plane [51] . It was aimed to get a qualitative picture of the phenomenon considering the boundness of the system and the existing laws, which describe the behavior of the ordinary liquids in the metastable and spinodal states [52] . Assuming the system before the collision to be at point L of the phase diagram (Fig. 8) , the different scenarios of system's evolution were studied. Evolution of the system crucially depends on the excitation energy, mass number, and energy release conditions. This position suggests two different groups of phase trajectories, namely: the single-phase transition (marked with the dashed line) and twophase transitions (marked with the solid line). It is obvious that there could be a mixture of two decay channels, when different parts of the system are found in different areas of the phase diagram. Thus, one may say that the nuclear multifragmentation is a nonlinear phenomenon, which means that the qualitative picture is different depending on system's parameters. The thermodynamic analysis conducted in the work has shown that not all of the mechanisms could be realized in nuclear systems because of their size. Some mechanisms does not meet the requirements for the time needed for the process. Summing up all pros and cons of different decay channels and qualitative characteristics, it was suggested that the spinodal decomposition could not be responsible for the multifragmentation phenomena because of the system size. That fact can be explained from Cahn's theory of separation by the spinodal decomposition [53] . In that theory, changes in the free energy read
where f is the free-energy density of a homogeneous material with composition c, K(∇c) 2 is the additional free energy density if the material is in a gradient in the composition. Therefore, the system is unstable relative to the Fourier components with
or sufficiently large wavelengths, as this decreases the free energy, when the system is in the unstable region. This result shows that, for the smaller wavelengths, there is no decrease in system's free energy, and there is no sign change in the diffusion coefficients. Therefore, for a small enough system, the spinodal behavior cannot be justified. As for the most appropriate decay channel, it appeared to be the mechanical breakdown of the shell in a single-phase process that may be followed by the metastable boiling. Although, there also could be a mechanism based on the metastable boiling of the inner part of the system. The suggested thermodynamic analysis allowed for a simple qualitative picture of the phenomena. At the same time, some further quantitative estimations based on the combination of macroscopic and microscopic theories, as well as on computer simulation results, are needed.
There exist quite a lot of other examples (e.g., [54] and references therein) of the successful implementation of statistical thermodynamics approaches to quantum systems and nuclear matter, in particular. This suggests the thermodynamics to be an important ingredient in the nuclear matter studies.
Exotic topologies in the intermediate energy collisions. Hydrodynamic approaches
The hydrodynamic description of nuclear matter dates back to the 1980s (see, e.g., [55, 56] ) and is now widely used for the high energy HIC. In some pioneer works [57] , the possibility to use the hydrodynamic description in the lower-energy limit was confirmed, by basing on the analysis of the nucleon mean free path that was defined as λ = 1.4 ρ0 ρ fm. Later on, quite a lot works addressed the problem of a nucleon mean free path and the evaluation of the in-medium nucleon cross section, with the Pauli blocking being considered [58] [59] [60] . Still, the results found in some more recent publications [61] with the parametrized in-medium nucleon-nucleon cross sections from the Dirac-Brueckner approach based on the Bonn-A potential give the values λ ∼ 1.4 fm and λ ∼ 1.3 fm for ρ/ρ 0 = 1 and ρ/ρ 0 = 1.5, respectively, at E = = 50 MeV/nucleon. Those results confirm well the argumentation in [57] . Despite that, the hydrodynamic description of the HIC at intermediate and low energies has been the subject of only few theoretical studies [62] . During the last decades in a number of works, the possibility of the formation of toroidal (Fig. 9) and bubble ( Fig. 10 ) structures in the head-on HIC was studied extensively with the help of microscopic transport models [63, 64] . Within the BoltzmannUehling-Uhlenbeck (BUU) model, it was shown that, at the energy interval 60-75 MeV/A, the different exotic topologies of the formed objects can be observed, depending on the stiffness of the nuclear mater EOS. Main peculiarities observed in the qualitative picture, which comes from the BoltzmannUehling-Uhlenbeck calculations and the available experiments [63, 64] , are the fact that the expanding velocity of the outer surface of the system is much smaller than the expanding velocity of the inner surface, simultaneous breakup with few fragments of similar masses and low kinetic energies and with the angular distribution of fragments that is almost isotropic in the case of soft EOS (the incompressibility at saturation density K 0 = 200 MeV), and the presence of fragments in the plane perpendicular to the beam direction for the stiff EOS (the incompressibility at the saturation density K 0 = 380 MeV). For some time, the experimental results were not able to confirm the occurrence of the predicted geometries [65] . But, later on, the signatures of the "doughnut"-like structures with the production of similar-size intermediate-mass fragments were observed in central HIC [66] and again confirmed by transport models [61] . Unfortunately the calculations with transport theories used for the phenomena in focus are not able to give reliable information on multiparticle observables at the late stage of the process due to the fact that they do not include multiparticle correlations and fluctuations [64] . In some works [63, 67] , the Rayleigh-Taylor mechanism was suggested to be responsible for the formation of fragments, when the exotic topologies were explained with the help of shock waves. Such type of structures is also somewhat similar to those studied theoretically from another approach [68] . Different shapes observed in the experiment may yield the valuable information about the nuclear incompressibility, which is a key parameter of the nuclear EOS, as well as the information regarding the surface tension and NM viscosity. The possibility for different shock wave mechanisms to be involved into the process can also give an extra link in between the Boltzmann-like transport theory and the hydrodynamic approach. Recently, it was shown [69] that the observed qualitative picture has much in common with the collisions of high-speed ordinary droplets [70] [71] [72] . For the latter in the certain energy range, the formation of "doughnut"-like structures with the following fragmentation into several secondary drops of ap- proximately equal masses is observed [73] , which has much in common with the nuclear case [64] . In a recent work [69] , the system of two identical heavy nuclei (e.g. 93 Nb + 93 Nb) involved in a head-on collision was considered. The symmetry of the system allowed the simplification of the model by changing to the collision of a spherical nuclei of radius R and density ρ 0 with a rigid wall that moved toward it with the velocity υ 0 (Fig. 11, a) . The slip boundary condition was applied on the wall surface to account for the difference in a viscous behavior.
From the analysis of the recent theoretical and experimental results for the collisions of liquid droplets [74] [75] [76] together with the BUU [64] and nuclear fluid dynamics (NFD) [40] results for HIC, it is suggested that there should be four distinct stages of the collision [ Fig. 11 ]. Among them are the violent stage at the beginning of the process, when the highly compressed zone is formed, and the second stage that is characterized by the lateral jetting and lasts till the shock wave from collision plane reaches the boundary of the nuclei. During those two stages, the final topology of the system is fully defined. At the later times, the system goes through the third stage corresponding to the expansion process and finally comes to the last stage, when the fragmentation takes place. The main quantitative estimations within the suggested Table. One can see that the above model slightly overestimates the spreading size and underestimates the reaction time. This probably comes from the approximations used in the model. For example, accounting for the viscous dissipation and changing to the Navier-Stokes equations, as well as accounting for the changes in the surface tension coefficient due to the temperature increase, can influence both of the above values. The model doesn't give the strict results, but rather provides a picture of the involved physical processes as clear as possible. For such a model with no adjustable parameters, the results for the maximum density and overall timescale of the process are in good correspondence with the BUU calculations. It is also worth mentioning that the result for the number of fragments of similar masses is in good correspondence both with the experiment and the BUU calculations. Such results show that the hydrodynamic description based on the laws developed for ordinary liquids seems to explain the overall behavior of the nuclear systems in the head-on HIC in focus and allows a simple physical picture of the formation of exotic structures.
One can conclude that the combination of the hydrodynamic approach together with the transport theory calculations can reveal the physical nature of the phenomena observed in HIC and give possibility to proceed with extracting the data on the NM properties from the HIC at different energies.
Surface Effects in Nuclear Matter: Macroscopic Description
The nuclear matter properties have been extensively studied for more than half a century. There exist quite a number of theoretical works devoted to different models of infinite nuclear matter, as well as finite nuclei. When discussing the different approaches, one can divide them into two groups that are microscopic and macroscopic approaches. At first glance, the microscopic approaches seem to be much more general than the macroscopic ones that deal only with the averaged values and can be obtained basically as the average of the microscopic theory. At the same time, the exact microscopic calculations are very challenging to perform, and the precise data on the micro-scopic parameters are needed that makes it difficult for practical applications. During recent decades, the impressive progress has been achieved in the macroscopic description of nuclear matter [46, 77, 78] . A number of papers devoted to the thermodynamics of small systems or the hydrodynamics of nuclear matter appeared [4, 55, 57, 79, 80] . Therefore, the nuclear systems that consist of a number of nucleons that is neither very small nor very large seem to be a good object for being studied with the help of a combination of both macroscopic and microscopic approaches. The bright example of such a cooperation of the methods in nuclear physics is the liquid droplet model [81] introduced in the 1960s, which makes possible the description of the average properties of a saturated system such as a nucleus consisting of two components (neutrons and protons) with account for the boundary effects and the presence of a diffuse layer. In that case, the energy at equilibrium is given as
with
where J, K, M , Q, a 1 , a 2 , and a 3 are the coefficients evaluated from the observed averaged phenomenological inputs and some relations based on the different microscopic considerations, A is the nuclear mass number, and Z is the charge number. As a result, the liquid droplet model is able to provide a quite precise description of the properties of finite nuclei. As comes from the liquid droplet model in studying the curvature-correction term for the nuclear matter, one should keep in mind the connection between the surface and bulk properties of the matter [81, 82] . As shown in the droplet model, the coefficients in the term proportional to A Corrections due to a curvature may play an important role, when studying light nuclei or processes, where surface terms are important. Particularly important are those corrections in the interpretation of multifragmentation experiments [80, [83] [84] [85] , in which light nuclei necessarily appear. The exponential dependence of the yield of fragments on the surface tension makes this process sensitive to the curvature corrections [49, 86] . Other important phenomena that may be affected by changes in the surface tension due to curvature corrections are: a) the appearance of the neck region in the fission processes and b) the hydrodynamic instability of the structures formed in heavy ion experiments governed by surface effects [69, 87] .
Quite a number of papers devoted to studies of the surface energy and the properties of surfaces in NM [88] [89] [90] have appeared. Furthermore, the dependence of the surface tension coefficient (and surface energy) on the surface curvature and its influence on different physical properties were also studied by various groups of researchers [82, 91] . Still for decades, it remains a controversial issue in mesoscopic thermodynamics [92] [93] [94] .
The thermodynamic description of the curvature correction, originating from the difference between the equimolar surface and the surface of tension [95, 96] , dates back to the 1940s. The Tolman length δ was originally introduced in [97] to describe the curvature dependence of the surface tension of a small liquid droplet. It was defined as a correction term in the surface tension σ of the liquid-vapour droplet in the isothermal case:
where R is the droplet radius equal to the radius of the surface tension [95, 96] , and σ ∞ is the surface tension of a planar interface. Eq. (9) originates from the Gibbs-Tolman-Koenig-Buff's thermodynamic equation and the assumption that δ is independent of R for δ ≪ R [98] . This physics should work not only for liquid droplets, but also for any system with curved interface of a non-negligible boundary layer [92] . This situation corresponds to nuclei and nuclear Fig. 12 . Schematic picture of the gedanken experiment [99] systems with a finite diffuse layer [77] . Based on that fact, a thermodynamic approach that links the EOS of NM with the curvature corrections to the surface tension coefficient has been introduced recently [99] . In this work, the analysis is based on the simple gedanken experiment. First, one should consider infinite nuclear matter (P 0 , T = const) with the chosen spherical volume V 0 = 4 3 πR 0 3 in it consisting of A nucleons. If all the nucleons outside the chosen volume are removed, one gets a "nuclear droplet" that, due to the surface tension, shrinks to the volume V = 4 3 πR 3 , where R is the final radius of the chosen volume (Fig. 12) . This droplet remains in equilibrium. The analysis of changes in the surface size due to the shrinkage allows calculating the curvature correction to the surface tension coefficient from the EOS of NM. The Tolman length δ is calculated for different effective interactions (SLy6, SkM* and SVmin). The calculated results for δ in the case of, for example, the SV -min parametrization, appeared to be δ ∼ −0.55 fm that is close to the distance between the nucleons. That result correspond to the theoretical estimations based on the Gibbs-Tolman formalism. Therefore, the statistical thermodynamic approach can be useful in studies of the surface properties of nuclei.
Hadronic Matter and Quantum Liquids
Nowadays, there exist quite a lot of papers devoted to the application of classical results of the phase transition theory and the theory of ordinary liquids for hadronic matter and quantum liquids. That can be explained by the growing interest in and the understanding of the universality of critical phenomena in different media over a tremendous span of substances -from ultracold atoms to dense nuclear matter [100] [101] [102] [103] . Calculations of the nucleation rate during the (de)confinement phase transition are subject for continuous debates with implications in the early Universe and relativistic HIC. The interest in this subject is triggered by the interpretation of the observed elliptic flow in heavy-ion collisions at RHIC [104] [105] [106] as a manifestation of the low shear viscosity of nuclear matter, and a subsequent realization [107] of the universality of this phenomenon, see also [108, 109] . Most remarkably, these studies penetrated [110] [111] [112] [113] [114] different neighboring fields of physics such as condensed matter and statistical mechanics and their interface with nuclear and astro-particle physics.
Quantum liquids
When applying the classical fluid thermodynamics to nuclear matter, quantum corrections become important as compared to the motion of atoms and molecules in ordinary liquids [115, 116] . There is an essential difference between nucleons, on the one hand, and nuclei, atoms, or molecules, on the other hand. In the latter case, the relevant energies -binding energies, exciting energies, etc. -are much smaller than the rest frame masses of the system or of the constituents. In the case of hadrons, they are of the same order as the mass of the system. Hence, the quantum effects are of importance.
The amount of quantum corrections to the classical theory can be quantified from the expansion in powers of the Planck constant h of the quantum statistical sum of a system of interacting particles. For the Helmholtz free energy, the following expression holds [115, 117] , in which the first quantum correction is proportional to h 2 :
Here, F class is the classical free energy, ω is some dimensionless function of the order of 1, and a new dimensionless parameter Λ is defined as
where m is the mass of the particle. Λ is called the de Boer parameter and describes the amount of quantum effects in statistical systems [115, 117] . The apparent similarity of the properties of different media suggests the use of the law of corresponding states (LCS) [115] . For real atoms and molecules, the intermolecular potential Φ(r) can be reduced, with reasonable precision, to a product of the energy constant ε (the depth of the minimum in the particle interaction potential) and a function of the dimen-
where σ is the position of the minimum. Then, by LCS, for a group of substances with a common potential φ(x), the universal functions for the pressure
should exist, where T * = kT ε is the reduced temperature and
is the reduced volume. As a consequence, the thermodynamic properties of all the substances from a given group are similar in terms of a properly chosen scale. In view of the similarity of the nuclear forces to the van der Waals forces, see Fig. 11 , LCS should work both in ordinary liquids and in nuclear matter. Recently, it was suggested to extend the principle of corresponding states for ordinary liquids to the possible fluid-superfluid and conductor-superconductor transitions for a variety of systems, ranging from 3 He, 4 He, and superconducting electron fluids to nuclear matter. Such an extension is based on the description of the superfluidity phenomenon in terms of wave packets. Superfluidity assumes the appearance of phased waves (wave packets) of bosonic quantum particles due to the Bose condensation (Fig. 13) .
As a consequence, it appeared to be possible to define the analogue of the de Boer parameter -dimensionless number BJEMS [118] 
Analogously to the de Boer parameter, it takes the quantum effects into account. The difference is that it considers the exchange effects. Therefore, it might be used for the superfluid phase transitions. The parameter BJEMS is assumed to be of the same order of magnitude for all fluid-superfluid and conductorsuperconductor transitions. This hypothesis is based on the general principles, rather than on the microscopic theory, and it appears to be correct for all the real Fermi and Bose systems from the same universality class.
Hadronic matter
Studies of the hadronic matter are an important part of the modern astrophysics and HIC physics. In the early Universe, a particular nucleation dynamics during the confinement can influence the inhomogeneities in the hadron distribution. Nowadays, the possibility for a number of colored objects such as quarks and gluons to escape the hadronization during the cooling of the Universe is intensively studied [119] [120] [121] . This requires the understanding of the surface properties of the formed quark "nuggets". Statistical thermodynamics can be quite helpful in the studies of those properties. In HIC, superheated hadron matter can produce extra entropy and might lead to observable consequences, detectable in the experiment. Earlier, there were the attempts to use statistical thermodynamic approaches for studying the hadron matter, confinement, phase transitions, and early evolution of the Universe [89, [122] [123] [124] . Within the suggested approach, some interesting results were obtained in the description of the expansion of the Universe during the early stages of its evolution. The behavior of the surface tension coefficient in the (de)confinement phase transitions was studied. The obtained results for a parton gas can be useful in the studies of the color-glass condensate that is discussed in the framework of the studies of relativistic HIC. The similarity of the behavior of ordinary liquids and hadronic matter, as well as the existence of a number of interesting results obtained for hadronic matter from the statistical thermodynamic approaches, suggests the application of classical laws in high-energy physics.
Summary
Macroscopic theories well-developed for ordinary liquids have shown themselves to be successful in describing the average properties of nuclear sys-tems. They work well for nuclear matter in combination with microscopic approaches naturally complementing each other. Hydrodynamic approaches developed for ordinary liquids are widely used in the studies of heavy ion collisions at different energies, as they explain well the observed phenomena, and their results can be easily compared to the calculations within transport theories. The thermodynamic description has shown to be fruitful for finite nuclei and intermediate-energy heavy ion collisions.
At the same time, statistical thermodynamics can be applied not only for ordinary liquids and nuclear matter, but also for studies of the properties of quarkgluon plasma. It has shown to be useful in understanding the behavior of quantum liquids in phase transitions.
Macroscopic theories can be used in constructing a proper equation of state of nuclear matter that is one of the long standing and desirable goals in nuclear physics. They can be used in the studies of the intermediate heavy-ion collisions, which are a window into the nuclear matter equation of state and can be treated as the analogue of the P -V -T studies in the physics of ordinary liquids.
Statistical thermodynamics and phase transition theory widely used in the physics of ordinary liquids work well for hadronic matter. They are quite fruitful in studying the (de)confinement phase transitions. Interesting results are found in the works devoted to the color glass condensate that is discussed in the context of relativistic heavy ion collisions. They can be useful in studies of the early evolution of the Universe.
As a summary, one can conclude that the approaches originally developed for ordinary liquids are widely used in the studies of hadronic matter and can give valuable results.
